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cients 833 and 815 = 831 for several ferroelectrics
relative to a quartz standard (8~1)' To compare predicted absolute values with experiment we note that
only d36 of NH 4H 2 P0 4 (ADP) has been measured
absolutely with any degree of precision. We use this
value l2 (d36 = 5.0 ± 0.6 X 10-24 mks) together with
Miller's table 9 to obtain 8~1 = 0.25 ± 0.05 X 10 10 mks,
from which we can convert the relative values in
Table I to absolute values. We tabulate in the last
four columns of Table I these experimental values
and also the theoretical results obtained by substituting the g coefficients given above into Eq. (12).
The calculated results shown in Table I are
generally somewhat higher than the experimental
results suggesting that f3 at optical frequencies
(W) is somewhat smaller than the static value (f3").
Examination of the experimental anisotropy ratio
833 /8 15 shows that 8d8 15 = 2 in C 4L, crystals (other
than BaTi03 (ref. 13» whereas in C61, LiNb03 and
LiTa03 the ratio is 8~3/8:5 ~ 10. Better agreement
with experiment, in both absolute value and anisotropy, can be achieved by adjusting Wwith respect
to f3", i.e., by letting f3~1 = af3~I' f3~2 = bf3~2' and f3~4 =
Cf3~4' We then find by combining the experimental 8
coefficients listed in Table I with Eqs. (2) and (12)
that a = 1/2 and b = 1 for C4V crystals; using these
values for C61, crystals we find c = l. We conclude
3, f3~2 = f3~2 = l.5/~3, and f3~4 =
that f3~1 = tf3~1 =
f3~4 = 4.4/~3 eV-m4/C2. These results show that static

3n
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and electronic polarizations, as assumed initially,
produce similar Stark shifts in the energy bands.
We thank S. Singh for kindly providing the data
used in Table I. We also express our sincere thanks
to D. A. Kleinman for reading the manuscript and
for helpful comments.
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The dependence of the parameters of the Gaussian mode in laser resonators on the properties of the medium
in the cavity is studied. Experimental verification of the theoretical results is presented. It is found that the modes
in a high-gain laser may differ widely from the usual free space resonator results. Also, resonator configurations
which in free space are unstable may, with a suitable medium, support low-loss Gaussian modes.

A theoretical study by Kogelnik l and a related
experiment of Kluver and Kogelnik2 show that a
*Research supported by the Office of Naval Research through
Contract Nom 220(50).
t National Aeronautics and Space Administration Predoctoral
Trainee.

medium with a quadratic gain profile can support
Gaussian optical beams. Confined beams are possible which propagate without spreading, i.e., the
beam radius and the radius of curvature of the
phase fronts are constant.
In the following we report a theoretical and an
experimental study of the problem of the optical
355
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modes that can exist inside a resonator filled with a
medium possessing a quadratic gain profile.
Consider a plane-parallel resonator of length d.
The complex propagation constant of t,he medium
is taken as

15 May 1968

If the radial variation of k is due to the gain only,
we may rewrite (I) as

(I)

where T is the radial distance from the axis of cylindrical symmetry (z). Let R(z) and w(z) represent, respectively, the radius of curvature and beam radius
of the Gaussian beam.3 We can define a complex
beam parameter q by
1
1
. A
-=---1-q(z) R(z)
7TW2(Z)

(2)

where A is the free space wavelength.
Kogelnik4 has shown that the parameter q of a
Gaussian beam propagating through a sequence of
lens-like media evolves according to
_ Ar<jl

q2 - Cr<jl

+ Br
+ Dr

(3)

where ql and q2 are, respectively, the "input" and
"output" beam parameters and where the coefficients are the elements of the paraxial ray matrix.
The coefficients are found by forming the ordered
product of the individual matrices which characterize the lens-like elements between the input and
output.
The matrix corresponding to one round trip
through the resonator described above is

(~; ~;) ~ (~ ~)(~ ~)(~ ~)(~~)

(4)

where the first and third matrices on the right side
of (4) correspond to one passage through the medium, while the second and fourth matrices represent reflections at the plane parallel end reflectors.
For a medium of length d described by (I) the
(ABCD) matrix of (4) can be written ass

(~~)= r

(!i;) Fn(~) j
-~~ sin (!i;) cos (!i;)
cos

(5)

so that the matrix product (4) is the same as (5)
except that d is replaced by 2d.
To obtain the steady-state beam parameter we set
q2 = ql = q in (3) which, using (4) and (5), leads to

~=+i~.

27T

f30 = T

for

Substituting in (6) and using (2) yields
2
7TW

A

=

2~

(7)

7T

azA

for the (squared) beam radius at the mirror. This
result is independent of the location of the reference
plane, so that the beam radius w is a constant
throughout the length of the resonator. Thus a
resonator which in free space has high diffraction
losses can support a stable low-loss Gaussian mode
when filled with a medium having a quadratic gain
profile.
The experimental setup used to test the theory is
shown in Fig. I. The high-gain xenon laser oscillating at 3.5 J.L provides a gain constant whose radial
dependence is described by the zero-order Bessel
function. 6 Near the axis we may use the quadratic
expansion to obtain
az = ao

2.88
-2To

where ao is the gain constant on the axis (T = 0) and
is the radius of the discharge tube. In our experiment To = 2.75 mm.
Curve (b) of Fig. 2 is a plot of Eq. (7). The experimental points shown were determined by radial
scanning, with a small aperture, of the output beam
with the laser operating just above threshold to
avoid appreciable gain saturation. The gain on axis
(ao) was determined from the known insertion loss
and includes a self-consistent correction for the
gain profile. The good agreement of the data with
the theoretical curve constitutes a verification of
Kogelnik's propagation theory. I
Curves (a) and (c) are theoretical plots of the beam
radius at the left mirror of the "unstable" and
"stable" resonators shown in Fig. 2. The curves are
obtained by a procedure analogous to that leading

To

to Eq. (7) except that the second
movable

t

(~ ~)

matrix on

flot iir/r_ _
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~flot

mirror

PbS detector I
I kc/s chopper

( -- ---@
signal

(6)

~ ao .

reference

Fig. 1. Experimental setup.
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the right side of (4) is replaced by

(-d/R i) to

account for the curvature of the left reflector. Note
that for large gains curves (a), (b), and (c) are
identical so that for the high-gain case the beam
radius becomes independent of the mirrors' curvatures. The otherwise unstable resonator (a) has been
rendered stable by the quadratic gain medium. In
the low-gain limit, the curve corresponding to an
2
rrw
-)..-

s
"unstable!!

R~-2~(o)
u

hi h loss"

R~", ~(b)
"stable"

R~2 ~(e)
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Fig. %. Theoretical curves showing the dependence of the
beam radius at the left mirror on the gain constant a2' Experimental points for the plane.para1lel resonator are also shown.
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unstable resonator increases quadratically, while
the curve corresponding to a stable configuration
approaches the usual empty resonator value as
should be expected.
In summary, the theory of Gaussian beam propagation in media with an index profilel is used to
derive the mode characteristics of high-gain laser
resonators. We find theoretically and experimentally that for sufficiently high quadratic gain 0:2 the
beam radius (and radius of curvature) are essentially
independent of the mirrors' curvatures and separation. Low (diffraction) loss modes thus exist in configurations that may otherwise be unstable. Moreover, the agreement of the data with the theory
provides a verification of the latter.
The authors acknowledge the excellent technical
support of D. Armstrong and thank Dr. P. Clark for
supplying the laser used in the experiment.
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By controlling the illumination intensity along a sample of photoconducting GaAs, the point of nucleation of the
high field domain has been varied. When a very thin line shadow was projected on an illuminated sample, the oscillation frequency corresponded to the distance between the shadow and the anode and could be varied continuously over a range of about 5: 1 by varying the position of the shadow along the sample.
Variable frequency oscillators which are based on
the properties and the propagation characteristics
of the high electric field domain in GaAs have been
reported by several authors. t - 3 The frequency of
such devices in which a traveling high electric field
domain causes periodic fluctuations in the current
may be controlled by varying the domain velocity
or by varying the distance that the domain travels.
The small variation of the frequency with sample

voltage of Gunn oscillators when in a resistive circuit
is well known and is believed to be caused by the
variation of the domain velocity.4 Larger frequency
variations are possible by varying the point of nucleation or the point of collapse of the domain.
Tuning ranges of about 2: 1 have been obtained by
using tapered diodes which exhibit a decreasing
electric field from cathode to anode. 3 The taper may
be achieved by a varying geometry or a varying
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